ABSTRACT. We have recently shown that,
Introduction and preliminaries
Let G be a locally compact group with a fixed left Haar measure λ. For 0 < p ≤ ∞, the space L p (G) is the usual Lebesgue space as defined in [11] . Let us remark that
defines a norm on L p (G) if 1 ≤ p < ∞ and
defines a quasi norm on L p (G) if 0 < p < 1. We denote this space by p (G) when G is discrete. For λ-measurable functions f and g on G, the convolution multiplication is defined by
at each point x ∈ G for which this makes sense. Then f * g is said to exist if (f * g)(x) exists for almost all x ∈ G. Convolution has applications in various fields such as statistics, computer vision, numerical analysis, numerical linear algebra, signal processing, electrical engineering, and differential equations. The convolution f * g does not necessarily exist for all measurable functions f and g on G. So, for a space F of measurable functions on G, it would be interesting to know whether f * g exist for all functions f and g in F . If this is the case, then it is desirable to study the closedness of F under the convolution. Several authors have studied the existence of convolution on various function spaces. It is well-known that L 1 (G) is always closed under the convolution. Saeki [22] proved that, for 1 < p < ∞, the space L p (G) is closed under the convolution if and only if G is compact; see also Burnham [4] , Crombez [6] - [7] , Duggal [8] , Gaudet [10] , Johnson [12] , Kunze [13] , Lohoue [14] , Milnes [15] , Rajagopalan [16] - [19] , Rickert [20] - [21] , Urbanik [23] , Zelazko [24] - [27] for some special cases, Kinani and Benazzouz [9] and also Abtahi, Nasr Isfahani and Rejali [2] - [3] for the more general case of weighted L p -spaces.
But the convolution of elements in L p (G) does not exist in general. In the recent work [1] , we proved that for 2 < p < ∞, the compactness of G is equivalent to the existence of f * g for all f, g ∈ L p (G); see [20] , as well. We also showed that f * g exists for all f, g ∈ L p (G) if 1 < p < 2 and G is discrete, or p = 2 and G is unimodular. We also studied the convolution multiplication on elements of L p (G, ω), the set of all complex valued measurable functions f on G such that fω ∈ L p (G), where ω is a positive Borel measurable function on G such that ω(xy) ≤ ω(x)ω(y) for all x, y ∈ G, called weight function; see [2] and [3] .
A natural question arising from [1] is that, for 1 < p ≤ 2, does f * g exist for all f, g ∈ L p (G)? Our aim in this work is to give a positive answer to the question, when G is unimodular. We also characterize locally compact groups G for which f * g exists for all f, g ∈ L p (G) when 0 < p < 1. Finally, we give some equivalent conditions for L p (G) * L p (G) to being contained in certain function spaces on G. These results have been investigated for the weighted p -space p (G, ω), when G is a discrete group; see [2] for more details.
Convolution on
For 0 < p < 1, Zelazko [27] characterized locally compact groups G for which L p (G) is a topological algebra. In this section, with a similar proof, we obtain a necessary and sufficient condition on G for that f * g exists for all f, g ∈ L p (G).
ÈÖÓÔÓ× Ø ÓÒ 2.1º Let G be a locally compact group and 0 < p < 1. Then f * g 
Thus there exists a set
Hence there exists a set
It follows from the root test that the series
is divergent, and therefore (f * g)(x) = ∞. This contradiction completes the proof.
Before, we state the following consequence of Proposition 2.1, denote by C 0 (G) the space of all continuous functions on G vanishing at infinity. We denote this space by c 0 (G) when G is discrete.
ÓÖÓÐÐ ÖÝ 2.2º
Let G be a locally compact group and 0 < p < 1. Then the following statements are equivalent.
(v) G is discrete.
P r o o f. All assertions (i), (ii), (iii) and (iv) imply that f * g exists for all
f, g ∈ L p (G). Thus G is discrete by Proposition 2.1. To prove the converse note that when G is discrete, then the following inclusions obviously hold
and so the proof is completed.
Convolution on
We first investigate convolution multiplication on the Banach space L p (G) for 1 < p ≤ 2.
ÈÖÓÔÓ× Ø ÓÒ 3.1º Let G be a unimodular locally compact group and 1 < p ≤ 2.
. Then, if we set
where g(y) = g(y −1 ). Since α 1 + α 2 + α 3 = 1, the Hölder inequality yields that
see for example [11: Theorem 12.5] . That is, f * g(x) exists for almost all x ∈ G. This shows that f * g exists and the proof is complete.
Our last results are of interest in their own right; here q denotes the exponential conjugate of 1 < p < ∞.
ÈÖÓÔÓ× Ø ÓÒ 3.2º Let G be a locally compact group and 1 < p < 2. Then the following statements are equivalent.
(iv) G is discrete.
is equivalent to the discreteness of G. So, it is sufficient to prove that (i) =⇒ (iii). To that end, suppose that (i) holds.
where ∆ is the modular function on G. It follows that ∆ = 1, and so G is unimodular. Thus for each h ∈ L 1 (G),
Since G is unimodular, it follows that
and so 
(iii) G is unimodular. Recall from [16] 
is equivalent to the compactness of G. So [11: 20.19 ] implies that
These together with the fact from [1] that for 2 < p < ∞, the compactness of G is equivalent to the existence of f * g for all f, g ∈ L p (G) lead us to the following result.
